The head-tail instability caused by an electron cloud in positron storage rings is studied numerically using a simple model. In the model, the positron beam is longitudinally divided into many slices that have a fixed transverse size. The centroid of each slice evolves dynamically according to the interaction with a two-dimensional electron cloud at a given azimuthal location in the ring and a six-dimensional lattice map. A sudden and huge increase of the projected beam size and the mode coupling in the dipole spectrum are observed in the simulation at the threshold of the instability. Even below the threshold, the vertical beam size increases along a bunch train that has 8.5 ns bunch spacing. Above the threshold, a positive chromaticity can damp down the centroid motion but has very little effect on the blowup of the beam size. The results of the simulation are consistent with many observations at PEP-II.
INTRODUCTION
The transverse couple-bunch instability caused by an electron cloud in a positron storage ring was first observed in the spectrum of coherent dipole oscillation in the KEK Photon Factory [1] . The photoelectron produced by the synchrotron radiation is proposed as the primary cause of the instability by Ohmi [2] . He has simulated the production of the photoelectron and showed that the effective wake field due to the electron cloud couples the dipole motion between bunches and hence causes the coupled bunch instability for the positron beam. This instability can be controlled by a strong bunch-by-bunch feedback as demonstrated in the Low Energy Ring (LER) of KEK-B and PEP-II.
However, even with suppressed dipole oscillations, the electron cloud still causes significant emittance growth as observed recently in KEK and PEP-II B-factories [3, 4] . The growth has been explained numerically as a result of head-tail instability caused by the electron cloud by Ohmi and Zimmermann [5] . Since there is no direct experimental confirmation of the proposed theory, it is important to continue the study to establish the link between theory and experiment.
In this paper, we first briefly describe the physics and approximation in the simulation in the section 2 and 3. Then we make a simulation in section 5 and 6 to identify the threshold of the instability both in terms of the emittance growth and mode coupling. In section 7 and 8, we simulate the emittance growth below and above the threshold. Finally, we make a summary of the whole investigation. The focus of the simulation is on the observable in the ring. Where possible, we will make a comparison between experimental observations and the simulation.
There are two main sources of electrons: photoelectrons generated from the synchrotron radiation and secondary electrons from the multipacting on the vacuum chamber. The detail of how the electron cloud is generated can be found in the work by Furman and Lambertson [6] . In this paper, the density and distribution of the electron cloud are treated as an initial input to the simulation. We will concentrate on how the positron beam interacts with the electron cloud once the electrons are generated and reach the saturation density.
BEAM AND ELECTRON CLOUD
For the beam and electron cloud, we use a simple simulation model introduced by Ohmi and Zimmermann [5] . In the model, the transverse distribution of the electron cloud is represented by ¢ ¤ £ macro particles at a given azimuthal location ¥ in the positron ring,
where § and § are the transverse coordinate and velocity for the electrons. The distribution of the positron bunch is represented by ¢ ¤ 6
longitudinal macro slices as illustrated in Fig. 1 . All slices are assumed to have a rigid Gaussian distribution of transverse rms sizes (7 9 8 , 7 A @ ). The centroid of each slice is treated as a dynamical variable in 6D phase space. To speed up the simulation, all electrons are lumped into one single slice at a given azimuthal location ¥ with average P function. This approximation is justified because we know that the head-tail instability is rather insensitive to the location of the impedance. Before the arrival of the positron bunch, the distribution of the electron cloud is reinitialized to a Gaussian distribution with sizes 
where ¢ X is the number of positron in a single bunch,` § is the classical electron radius, b is the speed of light, and c C d is given by the Erskine-Bassetti formula [7] . The kick by the electron cloud to the centroid of the slice is expressed as
where ¢ § is the number of electrons and
for the electron cloud with an initial transverse Gaussian distribution, p is the circumference of the ring, and U § is the density of the electron cloud. Note that the distribution of the electron cloud is not directly used in the calculation and the expression is based on the conservation of the momentum. The approximation is valid only when the size of the electron cloud is much larger than the size of the beam. Between the collisions of two adjacent slices the electrons drift,
is the longitudinal distance between two slices.
LATTICE MAP
To see the dynamical effects of the positron beam, we track the centroid of the slices with its betatron and synchrotron motions. We first transfer the phase-space coordinates to the normalized coordinates with a matrix,
where P 8 and 8
are the Courant-Snyder parameters. Then we perform a rotation and radiation damping on the normalized coordinates by another matrix,
where 8
is the betatron tune and i 8
is damping time in unit of turn. Here we apply the radiation damping on the centroid of slice because the centroid of the beam always damps to a closed orbit while the positions of individual positron will be balanced between the noise of quantum excitation and radiation damping to reach a finite beam size. To apply lattice chromaticity, we simply use 8 j k 8 m l o n 8 D G
. Finally, we transfer the coordinate back to physical phase space with the inverse of the matrix
In the vertical and longitudinal planes, similar formulas are applied. In the longitudinal plane, we have
PARAMETERS
The LER at PEP-II is a positron storage ring. The current operating parameters are tabulated in Table 1 . Wiggler magnets in the machine are turned off for higher luminosity. The bunch charge ¢ ¤ X is chosen to correspond to the peak value in regular operation. The vertical emittance is estimated from the luminosity scan. The other parameters are at their design values which are very close to the measured values. . These sizes are much larger than the beam sizes and consistent with the shape of the electron cloud when the density is saturated in the cloud generating simulation.
The algorithm outlined in previous sections has been implemented in an object-oriented C++ class library. In the library, the electron cloud and positron bunch are independent objects that can be constructed by the users. There is no limitation on how many objects of cloud or bunch are allowed in the simulation, and clouds can have different parameters as instances of the cloud class. These features provide us with great flexibility to study various phenomena of the electron cloud instability.
In the simulation, we use a thousand slices for the position bunch and ten thousands macro particles for the electron cloud to ensure a reasonable numerical convergence. The chromaticity is set at zero unless we mention the value explicitly. To study the dynamical effects on the positron beam, we vary the density of the electron cloud The projected beam size at end of the tracking are plotted as a function of the cloud density in Fig. 2 . It is clear from the figure that the relative growth of the beam size is much larger in the vertical plane than in the horizontal plane. There is a sudden and huge increase of the beam size in the vertical plane near the density
, which we call the threshold of the emittance growth caused by the electron cloud. It will become clear in the next section that it is the also the threshold of the head-tail instability.
Beyond the threshold, the projected beam size becomes much larger than the initial beam size. The increase of emittance significantly reduces the luminosity in the collider and therefore B-factories are limited by this effect in general. Once the instability occurs, the growth time is on the order of the synchrotron period, that is about 40 turns in the simulation. The growth time becomes shorter as the density increases. Below the threshold, there is still sizable growth of the emittance. That will be the subject of a latter section.
DIPOLE SPECTRUM AND MODE COUPLING
The head-tail instability can be driven by conventional impedance from the radio-frequency cavities. The effects have been simulated by Myers [9] . For impedance induced by the electron cloud, similar effects should apply. Here we analyze the Fourier spectrum of the beam centroid that is calculated as an average of the slice centroid. The vertical dipole spectra at five different densities below the threshold density U R T S § are shown in Fig. 3 . We can see from the figure that all modes are shifting upward as the density increases because of the coherent tune shift generated by the electron cloud. Due to the focusing effect of the electron cloud, the modes shift in the opposite direction of its conventional counterpart, in which the zero mode is shifting downward as the impedance increases. Since the " e 1 ! " mode, which starts at the lower synchrotron sideband, moves faster than the " s y " mode starting at the betatron tune, two modes finally merge with each other at the threshold density U R T S § as shown in Fig. 3 . This behavior is called mode coupling in the literature [10] . The density at which two modes merge is the threshold of the strong head-tail instability. Note that this threshold coincides with the one at which a sudden and huge growth of emittance occurs as we discussed in the last section.
These beam spectra can be measured with a standard spectrum analyzer. The observation of twin peaks that approach each other as the beam current increases is very important experimental evidence to confirm that the head-tail instability is indeed the cause of the single-bunch emittance growth. Since the electron cloud can be generated only when the total beam current is very high and there are many bunches in the ring, the measurement needs to be carried out under the setting of multi-bunch operation although the head-tail instability itself is a single-bunch effect.
¡¢£¢¤¥ ¦ § ¤¨©©ª¥ ¦ has been carried out for the LER at PEP-II and shown in Fig. 4 . The measured spectrum matches well to the simulated spectrum shown in the first plot in Fig. 3 in terms of the direction and value of the mode shift. The agreement indicates that the electron cloud density is about
when the beam current is near 1A in the ring. This density is half of the saturated density in the recent simulation for generating the cloud as we mentioned earlier. The density is also below the threshold density
The density is about 1% of the average neutralization density ¢ Y X s i 8 @ 9 ® X , where 8 and @ are the half aperture of the horizontal and vertical chamber respectively, and ® X is the bunch spacing. This ultra low density of the electron cloud near the beam may be attributed to the solenoid winding on the beam pipe.
BEAM BLOWUP ALONG A BUNCH TRAIN
In general, when a bunch train is used in the ring, the electron cloud density along the train fits well to the equation To study in detail the emittance growth below the threshold density, we track the first 20 bunches in the train up to 5000 turns. Each bunch interacts with an electron cloud with the density according to Eqn. 6. The projected beam size at the end of the tracking is shown in Fig. 5 . We can see a 30% increase of the vertical beam size along the train. The increase is consistent with the observation seen at KEK-B [3] although the parameters of the rings may differ. It is also consistent with the bunch-by-bunch luminosity measurement [11] at PEP-II. That indicates again, independently, that the density in the ring is quite low compared to the neutralization density.
EFFECT OF CHROMATICITY
As we have shown in the simulation, the strong head-tail instability occurs at a threshold density when chromaticity is set at zero. Beyond the threshold, the beam size increases dramatically. The chromaticity is known for stabilizing the conventional head-tail instability. In this section, we will study the effects when the instability is driven by the electron cloud.
We track a bunch through 1500 turns at different vertical chromaticity ranging from -10 to 10 with a fixed density
The turn-by-turn dipole motion of the bunch is plotted in Fig. 6 at three settings of chromaticity: namely +2, 0, and -2. As clearly shown in the figure, the positive chromaticity damps down the unstable motion, the negative chromaticity actually magnifies the motion, and at zero chromaticity, the modulation of synchrotron oscillation stabilizes the motion to a finite amplitude.
The most machines are likely operated with the positive chromaticity that significantly suppresses the dipole motion as shown in the simulation. That explains why the mode coupling in the dipole spectrum is so hard to be observed.
To make a measurement, one has to set the chromaticity near zero. The effect of chromaticity on the beam size is shown in Fig. 7 . One can see that the positive chromaticity up to 10 units does not change the beam size and the negative one makes a very large blowup in beam size. This behavior is consistent with the experimental observation at PEP-II.
SUMMARY
Dynamical interaction between the positron bunch and electron cloud has been simulated in a simple model. We find that the density threshold of the strong head-tail instability is
, which is approximately 5% of the neutralization density. At the threshold, we see the two modes merging into a single mode and a sudden and huge increase of the beam size. Even below the threshold, the beam size still blows up significantly. Based on comparison to experimental observation, we can conclude that the LER at PEP-II is operated (or limited) below the threshold density. The cloud density near the beam is a small percent-age of the neutralization density when the ring is operated the regular bunch pattern and beam current.
It is surprising that such a simple model can explain so many experimental observations. In the model, the main mechanism of the beam blowup is explained with the spread of the transverse centroid of the longitudinal slides.
Many additional simulations have been done for the investigation. Here, we will summarize the main results. Although they are many parameters related to the dynamics, the important ones are the beam energy and intensity, bunch length, average beta function, chromaticity, and synchrotron tune. In general, a higher energy, lower beta function, and shorter synchrotron period alleviate the head-tail instability. The positive chromaticity suppresses the unstable dipole motion but has litter effect on the beam size when the density is above the threshold. The Landau damping from the tune spread generated by the second order perturbation of the very strong sextupoles in the ring is not large enough to damp down the instability.
Once the instability starts, we can do little about the vertical blowup of the beam size. The huge emittance growth reduces the single bunch luminosity, limits the total currents in the storage ring, and hence limits the total luminosity.
We have ignored analytical approach to the instability in this paper. The analytical treatment has been covered by Heifets in this proceeding. The wake field for a coasting beam extracted from this code has been compared to his analytical result. The agreement is very good. So we expect similar results can be obtained with analytical estimate.
There is still one of puzzle remained to be resolved: The beam size blowup is also observed in the horizontal plane in PEP-II while the blowup always occurs in the vertical plane in the simulation. One possible explanation for this discrepancy is due to the large coupling that is not yet included in the simulation.
